Abstract. We show that any group G with a non-F SZm quotient by a central cyclic subgroup also provides a non-F SZm group of order m|G| obtained as a central product of G with a cyclic group. We then construct, for every prime p > 3 and j ∈ N, an F SZ p j group F such that there is a central cyclic subgroup A with F/A not F SZ p j . We apply these results to regular wreath products to construct an F SZ p-group which is not F SZ + for any prime p > 3. These give the first known examples of F SZ groups that are not F SZ + . We are also able to prove a few partial results concerning the F SZ properties for the Sylow subgroups of symmetric groups. In the appendix we enumerate all non-F SZ groups of order 5 7 .
Introduction
Recent work of Schauenburg [15] and the author [6] has suggested that the F SZ properties for a (perfect) group are completely determined by the F SZ properties of its Sylow subgroups. A suggestive point of investigation is to consider this connection for the case of the alternating groups A n , or the symmetric groups S n . These groups were established to be F SZ by Iovanov et al. [4] . The Sylow p-subgroups of S n are well-known to be described by direct products of iterated regular wreath products of Z p with itself; see [14] for example. More generally, the Sylow p-subgroups of classical simple groups are often given by iterated wreath products with Z p [16] . This paper was born from efforts to understand how well-behaved the F SZ properties of p-groups are with respect to regular wreath products with Z p , with the goal of determining if the Sylow subgroups of S n are always F SZ. While this remains an open question in general, we are able to provide some partial results. In Theorem 4.6 we show that S p j has an F SZ p j−1 Sylow p-subgroup, and in Theorem 5.5 we show that the Sylow p-subgroup of S p 3 is F SZ.
Along the way, several examples of bad behavior are discovered, including some new constructions of non-F SZ groups. We also provide in Theorem 4.3 a sufficient condition for the F SZ properties to hold for regular wreath products of the form D≀ r Z p with D a p-group. Our work on such wreath products culminates in Theorem 5.4, which provides an F SZ p-group of order p (p+1) 2 which is not F SZ + for any prime p > 3.
The paper is structured as follows. In Section 1 we detail the necessary background material, definitions, and notation. Then in Section 2 we establish a connection between the F SZ properties of central products with abelian groups and quotients by central subgroups. In Section 3 we construct examples of F SZ p j groups with non-F SZ p j central quotients and central products. Section 4 is the main section of the paper, and investigates regular wreath products D ≀ r Z p with D a p-group. These investigations are applied in Section 5 to construct examples of F SZ groups which are not F SZ + , using the groups constructed in the previous sections. The proof of the F SZ property for these examples is then adapted to show that the Sylow p-subgroup of S p 3 is F SZ. The appendix enumerates all isomorphism classes of non-F SZ groups of order 5 7 , as determined with GAP [3] .
Background and notation
All groups are finite. For a group G and x ∈ G we let o(x) = order of the element x.
We define N = {1, 2, 3, ...} to be the set of positive integers. Given groups G, H, subgroups A ⊆ Z(G) and B ⊆ Z(H), and an isomorphism φ : A → B, let N = {(a, φ(a −1 )) ∈ G × H : a ∈ A}. Then we define the central product G * H as the quotient group (G × H)/N . The direct product arises as the special case where A, B are trivial. In general the isomorphism class of G * H depends on A, B, φ. The specific choices will either always be made explicit, or will not be important, hence our choice to omit these dependencies from the notation. In an obvious fashion there is an equivalent definition of central product using generators and relations, which we will also use whenever convenient. For our purposes, we will be primarily interested in the case where A, B, and H are all cyclic. In this case, to define G * H it suffices to state a relation x m = z where H = x , z ∈ Z(G), and m ∈ N.
Given a group G and a prime p, the regular wreath product G ≀ r Z p is defined as the semidirect product G p ⋊ Z p , where Z p acts by cyclicly permuting the factors of G p . The F SZ properties for groups were introduced by Iovanov et al. [4] , and were inspired by invariants of representation categories of semisimple Hopf algebras [5, 11, 12] . These invariants and their generalizations have proven extremely useful in a wide range of areas; see [10] for a detailed discussion and references.
While multiple characterizations of the F SZ properties exist in the literature [4, 15] , for our purposes these properties are concerned with the following sets. Definition 1.1. For a group G, m ∈ N, and u, g ∈ G we define
Remark 1.2. We note that in the original definitions for these sets, based on the original formulas for the Frobenius-Schur indicators of the Drinfeld double of G [4, 5] , one uses u −1 instead of u. In this setting an irreducible representation of this Hopf algebra is parameterized by a pair (u, η), with u ∈ G and η an irreducible character of C G (u) [1] . The isomorphism class of such a representation depends only on the conjugacy class of u, and the isomorphism class of η. The m-th indicator of (u, η) is then calculated, in our definition, using the sets G m (u −1 , g). In principle, then, there is a difference between using u or u −1 in the definition, and either one can be argued to be the more convenient choice. However, there is a bijection
) for all u, g ∈ G and m ∈ N given by a → au. Since the mth indicator values depend only on the cardinalities of the sets G m (u, g) [5] , rather than the sets themselves, there is in fact no loss of convenience in either setting.
We then define the F SZ properties as follows. Definition 1.3. Let m ∈ N. We say the group G is F SZ m if for any n ∈ N with (n, |G|) = 1 we have
The fundamental facts of F SZ and F SZ + groups can be found in [4] , as well as many examples and classes of F SZ + groups. We record the facts we will use frequently throughout the paper in the following.
In particular, G is F SZ m if and only if both H and K are F SZ m . (4) Every regular p-group is F SZ + . (5) The irregular p-group Z p ≀ r Z p is F SZ + . (6) There are 32 isomorphism classes of (necessarily irregular) non-F SZ groups of order 5 6 . They are all non-F SZ 5 and necessarily have exponent 25, maximal class, and a center of size 5. (7) The symmetric and alternating groups are all F SZ + . (8) A group is F SZ + m if and only if for all n ∈ N with (n, |G|) = 1 and u, g ∈ G with [u, g] = 1 the sets G m (u, g) and G m (u, g n ) are isomorphic permutation modules for C G (u, g).
Several additional examples of F SZ
+ and non-F SZ groups can be found in [2, 6, 7, 8, 9, 15] . It has been an open question as to whether or not there exists an F SZ group which is not F SZ + . We will show that such groups exist in Theorem 5.4.
Remark 1.5. We wish to note an important contrast between regular p-groups and its parent class of F SZ p-groups. It is well-known that a direct product of regular p-groups is not necessarily regular, whereas the F SZ properties are preserved by direct products. On the other hand, every subquotient of a regular p-group is again regular, whereas there seems to be little necessary connection between the F SZ properties of a group and its subquotients. That S n is F SZ + for all n and the existence of non-F SZ groups shows that an F SZ + group can have many non-F SZ subgroups. Furthermore, any proper subquotient of a non-F SZ group of order p p+1 is necessarily F SZ + . In Section 2 we will show that an F SZ (indeed, F SZ + by Corollary 5.2) group can have a non-F SZ quotient, even if we restrict attention to quotients by central subgroups. This reflects the general difficulty, both theoretical and computational, of working with the F SZ properties.
Connecting central products and central quotients
Given that the class of F SZ m groups and the class of F SZ + m groups are both closed under direct products for every m ∈ N, one might hope that they are also closed under central products, or at least central products with abelian groups. By Iovanov et al. [4] the classes of F SZ m and F SZ + m groups are trivially closed under central products for any m ∈ {1, 2, 3, 4, 6}, since these are the same as the class of all groups. Unfortunately, this closure property turns out to fail for prime powers m = p j for any prime p > 3 and j ∈ N, and it is our goal to illuminate the process by which we can construct examples demonstrating this failure.
By using iterated central products it is easy to see that if we want to prove any sort of closure of F SZ groups with respect to central products with abelian groups, then it suffices to assume the abelian group is cyclic. Indeed, for H = G * C with C cyclic it suffices to suppose that [H : G] = p is a prime. We can also observe that, by the isomorphism theorems, to prove any sort of closure of F SZ groups with respect to quotients by central subgroups it would suffice to consider the case where the central subgroup is cyclic of prime order.
We will soon see that the following sets are intimately connected to determining these closure properties, and the failure thereof.
Definition 2.1. Let G be a group, and let u, g ∈ G and z ∈ Z(G). For any m ∈ N we define
We have the trivial equality G m (u, g, 1) = G m (u, g) in the usual sense, and we easily see that G m (u, g, z) ⊆ C G (g) and that G m (u, g, z) = ∅ if [u, g] = 1. We note that the restriction z ∈ Z(G) can be relaxed to z ∈ C G (g) without changing these properties, but for our purposes we will only be interested in the case of z ∈ Z(G).
We begin by considering quotients by cyclic central subgroups.
Theorem 2.2. Let G be a group with 1 = z ∈ Z(G). Define A = z and H = G/A with π : G → H the canonical epimorphism. For fixed m ∈ N, u, g ∈ G and any n ∈ N with (n, |G|) = 1 define
) and X m (u, g, n)A = X m (u, g, n). As a consequence, H is F SZ m if and only if for all u, g ∈ G and n ∈ N with (n, |G|) = 1 there is a bijection X m (u, g, 1) → X m (u, g, n).
Proof. By definitions we have
Multiplying this last identity by a −1 1 and using that A = z and (n, |G|) = 1 shows that
This establishes the first claim. It then immediately follows that X m (u, g, n) is a union of A cosets. Therefore |X m (u, g, n)| = |A||H m (uA, g n A)|, and the final equivalence is then immediate.
Remark 2.3. Observe that the unions defining X m (u, g, n) are in fact disjoint unions. In other words,
We can also exhibit the following connection to the sets G m (u, g, z).
Lemma 2.4. Let G be a group, and K = G * C where C = x and the central product is given by the identification x m = z ∈ Z(G) for some m ∈ N. Then for this m, any u, g ∈ G, any n ∈ N with (n, |K|) = 1 and 0 ≤ j < m we have a bijection
In particular,
Proof. By definitions we have for 0 ≤ i < m and a ∈ G that
The claims now follow.
Corollary 2.5. Let assumptions be as in the preceding lemma. If also o(z) ≥ m then we have a bijection
Proof. The assumption on o(z) guarantees, by definition, that the sets in the union are all pairwise disjoint.
So we see there is a strong connection between the F SZ properties for central products and quotients by suitable central subgroups.
Let m ∈ N be divisible by o(z). Define K = G * C, where C = x and the central product is defined by x m = z. Then H is F SZ m if and only if for all u, g ∈ G and n ∈ N with (n, |K|) = 1 there is a bijection
As a consequence, if
Proof. In the case that o(z) = m the claims follow from Theorem 2.2 and Corollary 2.5. When o(z) divides m every set in the disjoint union from Lemma 2.4 occurs the same number of times, and so when applying this bijection to
) we see that we obtain every term in X m (u, g, z) exactly m/o(z) times. So the result again follows from Theorem 2.2.
Thus we can show that the class of F SZ m groups is not closed under central products by showing that it is not closed under quotients by central subgroups.
We know there are non-F SZ 5 groups of order 5 6 by Iovanov et al. [4] , and GAP [3] has the groups of order 5
7 in its SmallGroups library. By eliminating cases where central quotients are necessarily F SZ 5 , we can use GAP to show that of the 34.297 groups of order 5 7 , there are exactly 83 (isomorphism classes of) F SZ groups of order 5
7 admitting a non-trivial cyclic subgroup A such that G/A is not F SZ 5 . Indeed, all such groups are also F SZ + . The ids-the value n in SmallGroup( 5 7 ,n)-for these groups are given in Table 1 . The following is a specific 
There also exists a cyclic group C of order 25 and a central product
Proof. The last claim follows from Theorem 2.6, though it can also be constructed and tested in GAP directly. We will use GAP [3] and the FSZtest function of Schauenburg [15] to establish the claims. The FSZtest function demonstrates that G is F SZ as desired, and that H is not F SZ, and so must necessarily be non-F SZ 5 . That G is in fact F SZ + can be obtained by running FSZtest over all suitable centralizers in G.
c l := R a t i o n a l C l a s s e s (G ) ; ; c l := L i s t ( c l , R e p r e s e n t a t i v e ) ; ; c l := F i l t e r e d ( c l , x−>not x in Center (G ) ) ; ; F o r A l l ( c l , x−>FSZtest ( C e n t r a l i z e r (G, x ) ) ) ;
This returns true, which completes the proof.
A family of F SZ groups with non-F SZ central quotients
In this section we show how to obtain an infinite family of examples similar to the one from Theorem 2.7. For this, we will use the groups S(p, j) from [7] . It was shown in [7, Theorem 1.9 ] that S(p, j) was not F SZ p j for any prime p > 3 and j ∈ N. We will construct an F SZ p j group which has S(p, j) as one of its quotients by a central subgroup. This construction will strongly mirror the one for S(p, j).
So fix a prime p and j ∈ N. Consider the abelian p-group
Note for p > 2 that Q p,j = P p,j × Z p as defined in [7] ; P p,j was not explicitly defined for p = 2 for technical reasons, but otherwise makes sense with P 2,1 = Z 4 . Let Q p,j have generators a 1 , ..., a p j , where a 1 has order p j+1 and the rest have order p. We define an endomorphism b p,j of Q p,j by
We can equivalently write b p,j as a p j × p j lower triangular matrix B p,j which acts from the left on Q p,j in the obvious fashion. The entries in the first row of B p j are taken modulo p j+1 , while all other entries are taken modulo p. We have
The entries of B k p,j for 1 ≤ k < p j are then naturally described by binomial coefficients, or equivalently the entries of Pascal's triangle. Proof. The proof is nearly identical to [7, Lemma 1.1], so we only sketch the proof. By writing B p,j = I + S where I is the identity matrix, we can use the binomial theorem to expand
The powers of S are easily computed, and S is readily observed to be nilpotent with S p j = 0. Moreover, since each binomial coefficient in the summation is a multiple of p and the first row of S is the zero vector, we conclude that every term in the summation is the zero matrix. Finally, the first column of every power B 
By considering the (right) 1-eigenvectors of B p,j it is not difficult to see that
We identify Q p,j and b p,j as subgroups of F (p, j) in the usual fashion.
We then relate the group F (p, j) to S(p, j) in the following manner.
Proposition 3.3. Suppose p is an odd prime, and let G = F (p, j) be as above.
, as defined in [7] . Proof. Taking Q p,j modulo A yields P p,j in a natural way, and rewriting the definitions of our b p,j modulo A yields exactly the automorphism of P p,j that defines S(p, j) (in the same natural way).
From now on, whenever convenient we will omit the subscripts from b p,j , Q p,j , and B p,j .
To describe p j -th powers in F (p, j), we need to consider the sums over all elements of B 
Note that X p,j (p j ) is the identity matrix.
Remark 3.4. The X p,j (p l ) play the same role that the Y p,j (p l ) played in [7] . The next few lemmas mirror the corresponding lemmas for the Y p,j (p l ).
Lemma 3.5. The matrix X p,j (1) is given by
Proof. Let X be shorthand for X p,j (1). Now X satisfies the identity BX = X, meaning that the columns of X are 1-eigenvectors of B. These are easily seen to be multiples of (1, 0, ..., 0, −1). It therefore suffices to show that all columns but the first of X must be zero. For this, note that X also satisfies XB = X, so that the row vectors of X are left 1-eigenvectors of B. These are easily seen to all be multiples of (1, 0, ..., 0), which gives the desired claim.
Proof. Let X be shorthand for X p,j (p l ). Since l > 0 the multiplication by p l guarantees that all entries of p l X, except possibly those in the first row, are zero. The (1,1) entry of every matrix in the sum defining X, on the other hand, is 1. Since there are p j−l terms in the summation, the (1, 1) entry of p l X is therefore p j .
Since the only non-zero entry in the first row of B is the (1,1) entry, every other entry on the first row in every power of B is automatically 0. This completes the proof.
We can then describe the p j -th powers in F (p, j) by
Proof. Follows directly from Lemmas 3.5 and 3.6 applied to equation (3.6.1).
Theorem 3.9. Let F (p, j) be as above. Then the following all hold.
(
Proof. Set G = F (p, j). The last two parts follow immediately from [7, Theorem 1.9], Proposition 3.3 and Theorem 2.6.
For the first part, let 1 = g = a
and n ∈ N with p ∤ n. From Lemma 3.7 we see that
Let V be the subgroup of Q generated by a 2 , ..., a p j . By Lemma 3.7 the p j -th powers do not depend on elements in V . As such we are free to suppress all elements of V when taking p j -th powers. Letting a = a n1 1 vb t for some v ∈ V , we then have
and (au)
By Lemma 3.7 we see that for equality to hold with 1 = g we must have that either t and t + s are both invertible modulo p, or both are divisible by p. From this it is then easy to see that |G p j (u, g)| = |G p j (u, g n )| for any p ∤ n. This shows that F (p, j) is F SZ p j as desired, and so completes the proof. ,632) was the motivating example in [7] . Example 3.11. Since p p+1 is the smallest possible order for any non-F SZ p-group, for p > 3 we see that F (p, 1) has the smallest possible order of any F SZ p-group with a quotient that is not F SZ. We do not know if S(p, j) has minimal order amongst the non-F SZ p j p-groups. We therefore do not know if F (p, j) has the smallest possible order for an F SZ p j p-group with a (central) quotient that is not F SZ p j . The minimal orders for, and even the existence of, non-F SZ 2-groups and 3-groups remains an open question.
Remark 3.12. The groups F (p, j), much like the groups S(p, j), were designed so that there was a simple formula for p j -th powers. However, lower powers are in general more complex. In particular, these will depend on the t in b t , rather than just the order of b t . As our ultimate goal of finding an F SZ group which is not F SZ + will only need to consider F (p, 1), we will make no attempt here to understand the F SZ p l properties of F (p, j) for l < j.
Regular wreath products with Z p
Our goal now is to use the results of the preceding section to help us construct, for every prime p > 3, a group of order p (p+1) 2 which is F SZ but not F SZ + p . These will yield the first known examples that demonstrate that the F SZ + properties are strictly stronger then the F SZ properties in general.
The idea is to look for a group G constructed from F (p, 1). We desire that the centralizers in G are constructed from those in F (p, 1) in a nice fashion, and in particular that for some g ∈ G we have
∅ for all u ∈ G and (n, |G|) = 1. We will see that the regular wreath product F (p, 1) ≀ r Z p gives exactly what we want. First, we will need to review such regular wreath products, and investigate how they behave with respect to the F SZ properties.
For wreath products of the form D ≀ r Z p we write the typical element as 
is a central product with respect to the central subgroup x . In particular, ∆C D (x) is a normal subgroup of index p, whose coset representatives can be taken as the first p powers of (x, 1, ..., 1, i). 
iii) Any element of the form (d 0 , ..., d p−1 , 0) such that d i and d j are not conjugate for some i, j is conjugate to (x 0 , ..., x p−1 , 0), where x i is any element conjugate to d i in D. In this case, we have
Moreover, these enumerate all of the conjugacy classes of G. In particular, no element satisfying one of the cases is conjugate to any element from one of the other cases, or to an element with a different last coordinate.
Proof. All claims are proven by standard manipulations in wreath products, so we sketch only the proof of the first item. In all cases the result mirrors the determination of the conjugacy classes for iterated wreath products of cyclic groups given by Orellana et al. [13] . Let i ≡ 0 mod p, and let ((x, 1, ..., 1, i) ). A straightforward check of the commutation relation g y = g for y = (y 0 , ..., y p−1 , j) then gives the reverse equality.
We will also use the following standard lemma, the proof of which is elementary. Lemma 4.2. Let G be any group and suppose g 0 , ..., g n ∈ G are such that g 0 , ..., g n ∈ C G (g 0 · · · g n ). Then g 0 · · · g n = g i · · · g n+i for all i ∈ Z, where indices are taken modulo n + 1. Equivalently, the product is invariant under a cyclic permutation of the terms.
For notational convenience, when investigating the F SZ properties for regular wreath products D ≀ r Z p we will sometimes write a typical element (x 0 , ..., x p−1 , j) in the short-hand form (x l , j). As the main example, if x l = p−1 s=0 y l+sj for some j and all l, instead of writing ( 
Proof. We have that exp(G) = p · exp(D), so it suffices to consider the F SZ p j properties for p j | exp(D). It is clear that all p-th powers in G are elements of
. By assumptions on D it then follows from Lemma 4.1 that we need only consider the case where
Fix n ∈ N with p ∤ n.
We now proceed to investigate the identities a
So we have a number of natural cases to consider. Suppose first that p | i and p | i + j (so that p | j). Then the equations take the form
for all l. The number of solutions to this is independent of n for all l since D is F SZ p t by assumption.
Next suppose that p ∤ i and p ∤ i + j. Then the equations take the form
So suppose we have any arbitrary elements x 1 , ..., x p−1 , and then rewrite the above for l = 0 as
It follows from Lemma 4.2 that we have a bijection from
n ) with the given x 1 , ..., x p−1 and i via a → ab −1 . Since x 1 , ..., x p−1 were arbitrary and u is fixed, v does not depend on n and
n )| does not depend on n by assumptions. Therefore the number of solutions in this case is also independent of n.
Note that the cases so far combine to completely cover the case where p | j. So in the remainder of the cases we have p ∤ j.
given by a → a t for any group G, m ∈ N and x, y, t ∈ G. Therefore by Lemma 4.1 (i) we may suppose without loss of generality that u = (u 0 , 1, ..., 1, j) .
For the third case, we suppose that p | i and p ∤ i + j (and so p ∤ j). Then the equations take the form . Therefore these equations are of the form given in the statement of the result. So we continue on to the next case.
So consider the last case: p ∤ i and p | i + j. Then the equations take the form
Making the substitution y l = x l u l+i and v l = u
l+i , the equations become
which is same form as the equations from the previous case. Defining v = (v l , −j), these equations in fact come from exactly the previous case when replacing u by v and the x l by the y l , so the same manipulations and simplifications hold to get them into exactly the form from the statement. This completes the proof.
Remark 4.4. If, for fixed d n , the number of solutions to the third and fourth cases in the preceding proof are equal, then we have the converse statement: D ≀ r Z p is F SZ p t implies that the number of solutions to equation (4.3.1) does not depend on n when p ∤ n. Moreover, we can easily see that in the final case of the proof we have v −1 = u, and the bijection
given by a → au preserves the first two cases but swaps the last two cases. Nevertheless, there seems to be no clear reason for the third and fourth cases to always have the same number of solutions. In particular, it seems possible that D and D ≀ r Z p are both F SZ but nevertheless fail to satisfy the theorem. Similarly, it seems possible for D to be F SZ but yet for D ≀ r Z p to be non-F SZ. The author was unable to find any examples demonstrating either behavior, however. This is in large part due to the prohibitively large number of elements to check even when D has relatively small order. All such D and p with |D ≀ r Z p | ≤ 50, 000 were verified to be F SZ with GAP [3]-most of which are 2-groups with |D| = 128, or trivially F SZ + by the exponent criterion of [4, Corollary 5.3] .
Proof. The first statement follows from Lemma 4.1, while the second follows from Theorem 4.3.
This suffices to obtain a partial result on the F SZ properties of the Sylow subgroups of symmetric groups. Theorem 4.6. Let j ∈ N, and let P be a Sylow p-subgroup of S p j . Then P is F SZ p j−1 .
Proof. We proceed by induction on j. The case j = 1 has P ∼ = Z p and the case j = 2 has P ∼ = Z p ≀ r Z p , both of which are F SZ + [4] . Suppose the result holds for some j ≥ 2. For the case j + 1 we have P ∼ = T ≀ r Z p where T is (isomorphic to) a Sylow p-subgroup of S p j . Now T has exponent p j , so the inductive hypothesis and Corollary 4.5 shows that P is F SZ p j , as desired. This completes the proof.
It seems difficult to establish the condition from Theorem 4.3 in general, as this seems to require ad hoc methods for each choice of D. However, the case where D is an abelian p-group is relatively simple. The following result generalizes [4, Example 4.4].
5. An F SZ but not F SZ + group
We are now prepared to investigate the F SZ properties of F (p, 1) ≀ r Z p . By Lemma 4.1 we will need to know the centralizers of F (p, 1).
Lemma 5.1. Let G = F (p, 1) . Then the centralizers of G are given as follows.
1 , a p = g, Z(G) . In particular, the centralizer of every non-central element in G is abelian.
Proof. The first statement is trivial. For the second, clearly Q ⊆ C G (g). Moreover, the only elements of Q centralized by a non-trivial power of b are the elements of Z(G), which gives the reverse inclusion.
For the final statement, it suffices to consider the case with g = bq for some q ∈ Q. Note that for every s with p ∤ s we have g s = b s q ′ for some q ′ ∈ Q. So suppose that b s r ∈ C G (g) for some r ∈ Q and any fixed s. Then bqb s r = b s rbq if and only if (B s q)q
is a group endomorphism of Q, and the kernel of this map for p ∤ s is easily seen to be Z(G). We conclude that b s r = (bq) s · z for some z ∈ Z(G), from which the desired claim follows.
The result is false for F (p, j) with j > 1, as then there are non-central elements with non-abelian centralizers. In particular, the centralizer of b p will be non-abelian. We can now completely determine the F SZ properties of F (p, 1) ≀ r Z p .
Proof. Let H = F (p, 1). We have that exp(H) = p 2 , so that exp(G) = p 3 . So we need only consider the case t = 2. Since H is F SZ, by Corollary 4.5 we conclude that G is F SZ p 2 . Moreover, by Lemmas 4.1 and 5.1 and Theorem 4.7 we conclude that all proper centralizers that are not described by central products are F SZ p 2 . By Lemma 5.1 and Corollary 3.8 the centralizers that are described by central products have exponent p 2 and so are also F SZ p 2 . This completes the proof. To see why the F SZ + p condition necessarily fails, we note that by Lemma 4.1 (i) and Theorem 3.9 there exists d ∈ Z(H) such that C G ((d, 1, ..., 1, i) 
The final claim follows from the first claim combined with Theorem 5.3, so we need only prove the F SZ p property. We will do so by using Theorem 4.3, from which it suffices to solve
and show the number of solutions is independent of n when p ∤ n.
By Lemma 3.7 we may suppose that for some
1 , by Lemma 3.7 we must have x l ∈ Q for all l and u 0 ∈ Q. Whence in this case the calculation is reduced to establishing the condition of Theorem 4.3 in Q ≀ r Z p , which follows from Theorem 4.7. So we may suppose that
with p ∤ d 1 , and that x l ∈ Q for all l. At this point it will be helpful to use additive and vector notation for Q; so instead of writing a typical element as a If a solution exists to equation (5.4.1) for any n with p ∤ n and with the given t i , then to establish the desired bijection it suffices to show that (d, ..., d) is in the image of F . By bijectivity of the powers of B, given y 0 , ..., y p−1 ∈ Q we can (uniquely) define r 0 , .., r p−1 ∈ Q by r l = B l−1 i=0 ti y l for 0 ≤ l < p, and conversely we can obtain the y l (uniquely) from given r l . Note that under these relations X(y i ) = X(r i ) for all i. Moreover, we have So we may apply Theorem 4.3 as desired to conclude that G is F SZ p , which completes the proof.
The proof of Theorem 5.4 yields a reasonably general method for investigating the F SZ p property of (A ⋊ Z p ) ≀ r Z p when A is an (elementary) abelian p-group and A ⋊ Z p is F SZ p . Note that A ⋊ Z p can be non-F SZ p for some choices of A and the action on it [7] . We demonstrate this with the following result.
Theorem 5.5. Let p be a prime. Then (Z p ≀ r Z p ) ≀ r Z p is F SZ. In particular, every Sylow p-subgroup of S p 3 is F SZ.
Proof. The structure of the Sylow subgroups of symmetric groups is well-known; see, for example, [14] . In the case of S p 3 the Sylow p-subgroup is isomorphic to
Since P has exponent p 3 and Theorem 4.6 implies P is F SZ p 2 , we need only show that P is F SZ p .
In the notation of Theorem 4.3, we have
, written in vector notation (as a Z p vector space, in particular). Let b be an element of D which cyclicly permutes the factors of Q, and let B be the matrix which acts on Q from the left which describes right conjugation by b. We have a group endomorphism J : Q → Q given by J(n 1 , ..., n p ) = ( i n i , ..., i n i ). By [4, Example 4.4] this endomorphism describes p-th powers of elements x ∈ Q ⋊ Z p = Z p ≀ r Z p with x ∈ Q; all other elements have order dividing p. Now consider equation (4.3.1) for t = 1. Then for any solutions to exist for g = 1 we must have x l ∈ Q for all l. Moreover, by the properties of J we must have that d = (t, ..., t) ∈ Q for some t ∈ Z p . So write x l = (n l,1 , ..., n l,p )b −t l for each l, with p ∤ t l . Let u 0 = b s q 0 , with q 0 ∈ Q. We fix t 1 , ..., t p with i t i = s arbitrarily. As in the proof of the preceding theorem, we are naturally led to consider the group homomorphism F : Q p → Q p+1 defined by (q 1 , ..., q p ) → (J(q 1 ), ..., J(q p ),
We can exploit the bijectivity of the powers of B, exactly as in the preceding proof, to find r 1 , .., r p for given q 1 , ..., q p (or conversely) such that F (q 1 , ..., q p ) = (J(r 1 ), ..., J(r p ), i r i ).
As in the previous proof, the desired bijection will follow if we show that there exists (r 1 , ..., r p ) ∈ Q p such that (J( So defining m i,j = tδ i,j , where δ i,j is the Kronecker delta, we see that (d, ..., d) is in the image, as desired. Thus P is F SZ p by Theorem 4.3, and this completes the proof.
Appendix A. The non-FSZ groups of order 5
7
The author has found it useful for investigating non-F SZ groups to have a wide variety of groups for which these properties are already known. The group 
